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The Hadamard multiplication theorem for series is used to establish several
Euler-type series transformation formulas. As applications we obtain a num-
ber of binomial identities involving harmonic numbers and an identity for
the Laguerre polynomials. We also evaluate in a closed form certain power
series with harmonic numbers.
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1. INTRODUCTION

Euler’s series transformation formula is an important tool for working with power
series. Given a function holomorphic in a neighborhood of the origin

F6)=>" axt*, (1.1)
k=0
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Euler’s series transformation formula says that

1 t > n " (n
=2 {Z (k>ak} 1.2)

k=0

for |¢| small enough (see [12, pp. 468-470] and also [1], [9]). Euler’s formula can
be used, among other things, to evaluate the binomial expression

Cn = Z <Z> ar (n=0,1,2...), (1.3)
k=0

which is called thébinomial transformof the sequencéa; }. Some examples can
be found in [1] and [9]. With the substitution

(1.4)

formula (1.2) takes the form

f(z):zj—li (zj—l)n {i(Z)“’“} (1.5)

n=0 k=0

A more general version of this formula is (2.4) below. There is also an ‘expo-
nential’ version of (1.5), namely, the transformation formula (2.8).

In this paper we want to point out a useful connection between Euler’s trans-
formation formulas and Hadamard's multiplication theorem for series (see [18,
section 4.6])

. 1 z dA
b 2" = — D FN) =, 1.6
;JG =5 P 9GNS (1.6)

whereL is an appropriate closed curve around the origin and
g(t) => byt* (1.7)
k=0

is a second analytic function lik&t). By choosing the function(t) appropriately

one can generate transformation formulas like (1.5), (2.4), (2.8), and (2.29). In this
way we shall give new unified proofs of these formulas (propositions 1, 2 and 5)
and also obtain two new transformation formulas for series (propositions 3 and 4).
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These formulas are illustrated by a number of applications. Our main results are
propositions 3, 4, and corollaries 1 and 2, all in section 2. Corollary 2, for instance,
gives the evaluation in a closed form of the harmonic number series

S n+p\ mon
S (Hpin — Hp>< : p) 2", (1.8)
n=0
for any integem > 0, where
H,=v(a+1)+v, Rea>—1, (1.9)

are the extended harmonic numbers (hefe) is the digamma (or psi) function
andy = — (1) is Euler’s constant [16]). Whem = k£ > 0 is an integer, then

1 1
Hy =145+ .t o, Ho=0 (1.10)

are the usual harmonic numbers.

In sections 3, 4, and 5 we present more applications —identities for the Laguerre
polynomials and for the harmonic numbers.

2. EULER-TYPE SERIESTRANSFORMATIONS

Throughout the paper the two functiofi&), g¢(t¢) are defined by the series (1.1)
and (1.7) above. We shall need an important lemma.

Lemmal — The following representation holds

> o= (n 1 1 d\
S b k() {Z(k)k} —5m § dHAOE DN, @Y

k=0

where h(z) is an appropriate function for which the above expression is defined
and the integral is a Cauchy type integral on a closed curve around the origin, as in
(1.6).

PrRooF: By Cauchy’s integral formula we have fér= 10,1, ...,

Sy gRACLLY 2.2)

ap = —
271 L )\k+1
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From here,

S (D=5 f (1+3) 102 3

k=0

Multiplying this identity byb,, h(z)™ and summing fon we obtain (2.1). O

We shall use this lemma in the following way: by choosig) and h(z)
appropriately, we shall write the integrand in (2.1) in a form that has the same
structure as the integrand in (1.6). This means the fungtidiiz)(1 + 1)) will be
written in terms of function(s) im and function(s) irt/\ only. Then we shall com-
pare (2.1) and (1.6) in order to derive the desired representation. This technique is
demonstrated in the next proposition.

Propositionl — Let o be a complex number. Then the following representa-
tion extending (1.5) is true

n=0
(2 + 1)02J (Zj 1>n <Z>(1)n {kzn::o <Z>ak} (2.4)
PrROOF: Choose
hz)= 0 o) = (1 - 1)
=X <g> (—1)"", b, = <g> (—1)". (2.5)

A simple computation shows that

g <h(z) (1 + i)) =+ (1- %)a (2.6)

and (2.1) takes the form

S (25) (S (1)}
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_ “;;)ﬁ (1- ;)am)%. 2.7)

This representation yields (2.4) in view of (1.6).

Whena = —1 we have(!) = (—1)" and (2.4) becomes (1.5).
Formula (2.4) originates from Euler and can be found in [13, p. 294].

Proposition2 — The following (exponential) version of Euler's series trans-
formation formula holds

> Z’; =eY) j: {Z <Z>a’“} , (2.8)
k=0

n=0 n=0

PROOF: Takeh(z) = z, g(t) = et. Then (2.1) becomes

o0

> - {kz_o (Z)ak} _ ;mfi i, 2.9)

and (2.8) follows from (1.6). O

This exponential transformation formula can be found in [9] with a simple
direct proof.

In the next two examples we use the natural logarithmic function. To our
knowledge, these results are new. In all expansions we assumg |tlasmall

enough to secure convergence.
Proposition3 — With f(¢) as in (1.1) the following representation holds

F(0)log(1+2) + gianzi (ZL)R; {Zn: <Z>ak} (2.10)

=1 k=0

PrROOF: In formula (2.1) we put

M=) = = glt) = —log(1 1) = ; % by = % (2.11)
Then )
g (h(z) <1 + )\>> = log(1 + z) — log (1 - i) , (2.12)
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and the right hand side in (2.1) becomes

log(1+z)21mﬁf()\)d)\>\ - % Llog(l—i)f(/\)d/\. (2.13)

Obviously, (2.10) follows from here. The firstintegral in (2.13}4d0g(1+z).

We now use the series expansion [11, (7.43), p. 351-352]

o

g(t) = _(f’f%plf) = 3 (Hyn 1) <” ’ p) . (219)

where Rg > —1.

Proposition4 — For anyp with Rep > —1 we have

> n—+p > n—+p
Z(Hp—l—n_Hp)( )anz +log(1 + z) Z )
n=0 n n=0

o () ()

PROOF: With ¢(t) as above in (2.14), and

h(z) = (2.16)

a simple computation gives

g<h(z> <1+i>> — (142 llﬁg(lz;ff - 1[?(};53], (2.17)

A

and therefore, the right hand side of (2.1) becomes

» log(1 + 2) 1 FN)dA
(1+2) 1 |: gQWi 7§L (1— %)p—l—l A\

1 [ log(1— 2)pt! f(A)dA] . (2.18)

Comi fp, (L= 2l )
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According to (1.6), this expression equals the left hand side of equation (2.15)
multiplied by the factof1 + z)P*!. Note that

oo

1 n + n

n=0

The entire identity (2.15) follows now from Lemma 1, as in this case

n

bn = (Hpsn — Hp) (" +p>. (2.20)

Whenp = 0, thenb,, = H,, and we have the corollary:

Corollary 1 — With f(t)as in (1), the following series transformation formula
holds

00
H, anzn + log(l + Z)f(z)

n=0

1 > z " " /n
=135 n; <z+1> Hn{z <k>ak} (2.21)

k=0

In our next corollary we present one interesting particular case of (2.15). Let
m > 0 be an integer. Taking; = (—1)*k™ and changing to —z in (2.15) we
obtain the identity

N NP\ mn (P mn
;(Heran)( N >n z +log(1z)nz:;< " )n z

- g 2 (755) e

<n2p)(_1)n {k; <Z>(—1)’“km}. (2.22)

We shall use now the representation

> (n+p mon 1 z
Z < n ) n z = mwmp_l’_l <1z) (223)

n=0
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from [2]. Herew,, ,+1 are the generalized geometric polynomials

m

1
1D kZ:()S(m,k)F(p+k+ 1) 2", (2.24)

Wmpt+1(T) =

introduced in [2], and(m, k) are the Stirling numbers of the second kind [7], [11].
Also, in the right hand side of (2.22) we shall use the well known representation of
the numbersS(m, k)

k; (Z) (—1)" k™ = n1S(m, n), (2.25)

to obtain the following.

Corollary 2 — For every Rg > —1 and for every integem > 0, with the
polynomialsw,, ,+1 defined in (2.24), we have the following harmonic number
summation

= n+p\
Sty =) (" T )

n=0

_ (1_12)p+1 {—log(l — ) Wmptt <1iz>

+ g;) (1 i Z)” (Hpn — Hp) <n Zp) n!S(m,n)} : (2.26)

Notice that the sum on the right hand side is now finiteSas:, n) = 0 for
n > m. Whenp = 0, (2.26) turns into the shorter summation formula

> 1 z - z \"
S mon— =] og(1 — 3 !
H,n™z T { og( z)wm<1_z> + 2 <1—z> HnnS(m,n)},

Wi () = W 1(z) = Zm: S(m, k) klz* (2.28)
k=0

are the geometric polynomials as defined in [2].
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The representations (2.26) and (2.27) can also be derived directly from the
summation formula (3.23) in [2]. This was done by Dil and Kurt in the recent

paper [8].

For completeness, at the end of this section we obtain from (1.6) another inter-
esting series transformation formula, also attributed to Euler.

Proposition5 — Given two analytic functiong'(t) andg(¢) as in (1.1) and
(1.7), the following representation is true.

Y anbat" =Y gn('%z {Z <Z> ak} . (2.29)
n=0 ’

n=0 k=0

This transformation formula can be found in a modified form in [15, Chapter
6, Problem 19, p. 245].

PrROOF: Multiplying both sides in equation (2.3) by

g™ (=)

t" (2.30)
n!

and summing forn we obtain

g n © (n)(_ n

9" (=t) n _1f g™ (=t) [t dA
32O {5 (Do - ot f 2 (o)

k=0
(2.31)
1 t dA
= Tm i g <)\) f()\)yv

(recognizing the Taylor expansion @f %) centered at-¢ inside the first integral).
Now (2.29) follows from (1.6). O

3. AN IDENTITY FOR THE LAGUERRE POLYNOMIALS

To illustrate how the above formulas can be used we shall provide some examples.
e.T d’n

The first application involves the Laguerre polynomialgz) = ;75 (e~ *a"),
see [16].

Corollary 3 — For the Laguerre polynomials, (z), n = 1,2, ..., we have

n

TLa(t) -1, O~ Lp(a) -1
/Odt_z. (3.1)

t k
k=1
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PrROOF: Take an arbitrary and set in (2.10)

() Y
JTORES D i A i (3.2)

|
Pt k!

Thus

log(1+2) + Zw :Z <zi1> %Ln@?% (3.3)

n=1 n=1
because of the well-known identity [16, p. 153],
~ (1) (—a)F
Z(k) o = La(@). (3.4)
k=0

With the substitution (1.4) equation (3.3) can be written in the form

—log(1—t) + > <1t_t> (:fgn = Z ) (), (3.5)
n=1 ’

and we divide now both sides ly— ¢ to obtain

—log(1—1t) " ¢ . ()
-t +1—t;(1—t> n! nzlt Z ;. (3.6)

(for the last equality we use property (5.6) below). From (3.4), dividing laynd

integrating we find
"L\ (—z)F [T Lp(t) -1
Z<k> = /0 e dt, (3.7)

and therefore, from (1.2)

o0

L) S S [ s

At the same time

—log(1 n
? ZH t (3.9)

Substituting (3.8) and (3.9) in (3.6) and comparing coefficients we arrive at
(3.12).



TRANSFORMATION FORMULAS OF HADAMARD PRODUCT 381

4. A SYMMETRIC IDENTITY FOR HARMONIC NUMBERS

First we obtain an equivalent version of the representation (2.14).

Corollary 4 — For any complexx and|t| < 1 we have

B (e £ e

PROOF: We setin (2.21)

F(2) =1+ 2)° i<> ak—<j:) (4.2)
to get

Z( )H 2" 4 (1+ 2)%log(1 + 2)

) z \" n+ao
- ) H, , 4.3
1—|—zn:0 <z—|—1> < n > (43)

by using on the RHS the well-known Vandermonde identity [10],
" /n\ [« n+«
> (1) ()= (07) @
k=0
With the substitution (1.4) we can write (4.3) in the form
1 & t \" [« log(1 —t)
H, - ————=
(7)) -

Z (" + a) . (4.5)

Next, for the sum on the left hand side we have, according to (1.2),

LS OSBRI e
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Substituting this in (4.5) yields the representation (4.1).

Corollary 5 — For every integen > 0 and every complex number with
Re a > —1 we have

[ G0 IR

k=0

PROOF: The identity follows immediately by comparing the representations
(4.1) and (2.14) (withy = p). O

Two similar identities with integer indices can be found on p.355 in [11],
namely, (7.63) and (7.64). Identity (A10) in [4] is of the same nature. With n
in (4.7) we obtain

i (Z)sz = <2:> (2H;, — Han) (4.8)

k=0

which is (A1l) in [4]. See also [3] for more general results extending (4.8).

5. MOREHARMONIC NUMBER IDENTITIES
Corollary 6 — For every complex: and every positive integer we have

i (jf,ﬁ) <a_]:k>(_1)n_kﬂk z% + <z>(_17in_l (5.1)

k=0
k; (n . k) (a 2;_ k) (—1)" " Hy, = Hy+ é (Z) (_1]2k_1. (5.2)

In particular, wher = n, these identities become correspondingly,

S erm = HEENE 6

k=0

> @ <n : k) ()" = 2 (5.4)

k=0
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The identities (5.3) and (5.4) are similar to the identities (3.123) and (3.122) in
[10]. Identity (5.4) was obtained by Prodinger in [14] together with several other
identities of this kind. See also [6, pp.62-64].

Many interesting identities of this nature (for harmonic number and binomial
coefficients) can be found in [5], [6] and [17]. The recent paper [6] is very infor-
mative and highly recommended.

For the proof of Corollary 6 we need a simple lemma.

Lemma2 — For any power series as in (1.1) we have

(14 At)™ Zant” Z " {Zn: < k)ak)\”_k} , (5.5)

for every complexy, A with |A ¢| small enough. In particular,
1_tZant" nz:otn{kz_:oak}. (5.6)

The proof is left to the reader. After expandifigt A\ ¢)® one can either change
the order of summation or use the Cauchy rule for multiplication of power series.

Proof of the corollary— We puta;, = (1)~ H}, in (2.4) to obtain

i <z> Hnz" = (z+1)7 i <Zi1>n (Z) (_12;_1 (5.7)

n=0 n=1

in view of the well-known binomial transform

n

3 <Z> (—1)F—LH, = % (5.8)

k=1

At the same time, from (4.3),

o0

3 (Z) H,z"+ (14 2)*log(1 + 2)

n=0

1 > z " a+n
= H, , 5.9
1+znz:;)<z+1> < n > (5-9)




384 KHRISTO N. BOYADZHIEV

so that replacing the first sum here by the right hand side of (5.7) yields

(z+ 1)&2‘1 (Zjl)n <z> (_ln)nl (14 2)% log(1 + 2)

1 > z " a+n
= H, . 5.10
1+Z7§)<z+1> ( n > ( )

The substitution (1.4) brings (5.10) to the form
il _1\n—1
Z t" <a> (=1) — log(1—1t)
1 n n

> a—+n
= (1—t)>*! t"H, 5.11
(1-1) Z:% < . ) (5.11)
and according to (5.6) this can be written as

i #n (Z) (1::_1 ~ log(1 —t)
Z m {zn: <O‘ + ;) <O‘ Z k) (—1)”—ka} : (5.12)

k=0

Now using the expansion of the logarithm

o0

—log(1—t)= ) % (5.13)

n=1
and comparing coefficients in (5.12) we arrive at (5.1). In order to obtain (5.2) we
write (5.11) in an equivalent form, dividing it by— ¢,

() - i e (U))
(5.14)

According to Lemma 2 and (3.9) this becomes

g%t” {Zn: <Z> (_15_1 } + i Ht"

k=1
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and yields (5.2) after comparing coefficients.

The author is very grateful to the referee for a number of valuable and compe-
tent remarks.
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